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Abstract:  The present paper establish some connection theorem between the modified Laplace transform 

and modified Fractional Integral. Some special cases and a relevant corollary of our main results are also 

proven.  
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1. Introduction :  

Many Mathematicians take a keen interest in the field of fractional calculus[7]. Also, many of the 

authors[5],[6],[10], etc., give a fairly good account of the development and consider several aspects of 

applications to potential problems in analysis.[2],[4] etc. e.g. To solve the fractional differential equations 

Fractional, the fractional sub-equation method was proposed by[1]. General and but very important theorem 

which interconnects the Laplace transform and the generalized Weyl fractional integral operator involving the 

multivariable H-function of related functions of several variables is given by[9], A theorem which obtained the 

image of modified H-transform under the fractional integral operator involving Foxs H-function by [4],[7], The 

applications of fractional in several fields of engineering and science like viscoelasticity, fluid mechanics, 

electro-chemistry, biological population models, optics, and signals processing[9]. etc., 

 The modified Laplace Transform 𝐿0(𝑝) = 𝛬[𝑓] of the function 𝑓: 𝑅+
𝑛 → 𝐶 is defined as  

𝐿0(𝑝) = 𝛬[𝑓](𝑝) = ∫ exp[− max(𝑝1𝑡1, … … . 𝑝𝑛𝑡𝑛)] 𝑓(𝑡)𝑑𝑡
𝑅+

𝑛               ….(1.1) 
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The set of all points 𝑝 ∈ 𝑅𝑛 such that the integral in[1.1] converges. 

The second  modified Laplace Transform 𝐿0(𝑝) = 𝜈[𝑓] of a 𝑓: 𝑅+
𝑛 → 𝐶 is defined as  

𝐿0(𝑝) = 𝜈[𝑓] (𝑝) = ∫ exp[− min(𝑝1𝑡1, … … . 𝑝𝑛𝑡𝑛)] 𝑓(𝑡)𝑑𝑡
𝑅+

𝑛     ...(1.2) 

The set of all points 𝑝 ∈ 𝑅𝑛 such that the integral in [1.2] converges. 

The modified Fractional Integrals[7] for 𝑅𝑒(𝛼) > 0. The multidimensional modified integrals of order 𝛼 ∈ 𝐶 

of 𝑓: 𝑅+
𝑛 → 𝐶 is defined by  

𝑆+;𝑛
𝛼,𝛽,𝜂

𝑓(𝑥) =
1

Γ(α+1)

𝜕𝑛

𝜕𝑥1.…….𝜕𝑥𝑛.
∫ [𝑚𝑖𝑛 (

𝑥1

𝑡1
, … …

𝑥𝑛

𝑡𝑛
) − 1]+

𝛼
𝑅+

𝑛 . 2𝐹1[𝛼 + 𝛽, 𝛼 + 𝜂; 1 + 𝛼; 1 −

𝑚𝑖𝑛 (
𝑥1

𝑡1
, … …

𝑥𝑛

𝑡𝑛
)] 𝑓(𝑡)𝑑𝑡 

=
1

Γ(α+1)
∑

𝜕

𝜕𝑥𝑘
[𝑛

𝑘=1 𝑥𝑘 ∫ 𝑡𝑛−𝛼−1(1 − 𝑡)𝛼.
1

0
 2𝐹1[𝛼 + 𝛽, 𝛼 + 𝜂; 1 + 𝛼; 1 −

1

𝑡
] 𝑓(𝑥1𝑡, … . . 𝑥𝑛𝑡)𝑑𝑡.                                

……(1.3) 

And  

𝑆−;𝑛
𝛼,𝛽,𝜂

𝑓(𝑥) =
(−1)𝑛

Γ(α+1)

𝜕𝑛

𝜕𝑥1.…….𝜕𝑥𝑛.
∫ [1 − 𝑚𝑎𝑥 (

𝑥1

𝑡1
, … …

𝑥𝑛

𝑡𝑛
) − 1]+

𝛼
𝑅+

𝑛 . 2𝐹1[𝛼 + 𝛽, −𝜂; 1 + 𝛼; 1 −

𝑚𝑎𝑥 (
𝑥1

𝑡1
, … …

𝑥𝑛

𝑡𝑛
)] 𝑓(𝑡)𝑑𝑡 

=
−1

Γ(α+1)
∑

𝜕

𝜕𝑥𝑘
[𝑛

𝑘=1 𝑥𝑘 ∫ 𝑡𝑛−𝛼−1(𝑡 − 1)𝛼.
∞

1
 2𝐹1[𝛼 + 𝛽, −𝜂; 1 + 𝛼; 1 −

1

𝑡
] 𝑓(𝑥1𝑡, … . . 𝑥𝑛𝑡)𝑑𝑡.(1.4) 

To prove the main result we need the following lemmas. 

Lemma 1([11, P.153 Theorem 3]): Let 𝑓 ∈ 𝑀𝛾(𝑅+
𝑛); 𝑔 ∈ 𝑀1−𝑅𝑒(𝑑)−𝛾(𝑅+

𝑛) and  |𝑑| = 1 − 𝜂 − 𝛽. Then 

∫ 𝑥−𝑑𝑔(𝑥)𝑆−;𝑛
𝛼,𝛽,𝜂

𝑓(𝑥)𝑑𝑥 =
𝑅+

𝑛 ∫ 𝑥−𝑑𝑓(𝑥)𝑆−;𝑛
𝛼,𝛽,𝜂

𝑔(𝑥)𝑑𝑥
𝑅+

𝑛                         ….(1.5) 
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Provided that 𝑅𝑒(𝛼) > 0; 𝛾𝑗 + 𝑅𝑒(𝑑𝑗) < 0 (𝑗 = 1, … … , 𝑛); 

|𝛾| < 𝜂 + min ( (𝑅𝑒(𝛽), 𝑅𝑒(𝜂); |𝛾| + 𝑅𝑒(|𝑑|) < 1 − 𝑅𝑒(𝛽 − 𝜂) . 

Lemma 2: If 𝑠 = (𝑠1 … … . , 𝑠𝑛) ∈ 𝐶𝑛, ℎ = (ℎ1 … … . , ℎ𝑛) ∈ 𝑅+
𝑛, 𝑝 = (𝒑𝟏 … … . , 𝒑𝒏) ∈ 𝑅+

𝑛 

And 𝑔|
𝑠

ℎ
|−1𝑔(𝑦) ∈ 𝐿1(𝑅+), then 

(a)  ∫ 𝑥𝑠−1𝑔(max (𝑝1𝑥1
ℎ1 , … , 𝑝𝑛𝑥𝑛

ℎ𝑛))
𝑅+

𝑛 𝑑𝑥 =
|

𝑠

ℎ
|

𝒔𝟏.,𝒔𝒏(
(|𝑝|−|𝑠|)𝑔∗ (|

𝑠

ℎ
|),  

𝑅𝑒(𝑠𝑗) < 0 (𝑗 = 1,2,3 … , 𝑛)         ….(1.6) 

[b ]∫ 𝑥𝑠−1𝑔(min (𝑝1𝑥1
ℎ1 … … 𝑝𝑛𝑥𝑛

ℎ𝑛))
𝑅+

𝑛 𝑑𝑥 =
(−1)𝑛−1|

𝑠

ℎ
|

𝒔𝟏…….,𝒔𝒏(
(|𝑝|−|𝑠|)𝑔∗ (|

𝑠

ℎ
|),  

𝑅𝑒(𝑠𝑗) < 0 (𝑗 = 1,2,3 … , 𝑛)        ….(1.7) 

Where 𝑔∗ denotes the one-dimensional Mellin transform of 𝑔(𝑢).  We give outlines of the proof of the result. 

We have  

LHS of (1.6)  = ∫ 𝑥𝑠−1𝑔(max (𝑝1𝑥1
ℎ1 … … 𝑝𝑛𝑥𝑛

ℎ𝑛))
𝑅+

𝑛 𝑑𝑥 

  = ∑ ∫ 𝑥𝑘
𝑠𝑘−1𝑔(𝑝𝑘𝑥𝑘

ℎ𝑘)
∞

0
{∫

𝑘
𝑣

… .
∫

𝑥𝑠−1

𝑥
𝑘

𝑠𝑘−1 𝑑𝑥1
𝑥𝑘

0

𝑘
𝑣

… .

𝑥𝑘

0
𝑛
𝑘=1 𝑑𝑥𝑘}𝑑𝑥𝑘. 

= ∑ ∫ 𝑥𝑘
𝑠𝑘−1𝑔(𝑝𝑘𝑥𝑘

ℎ𝑘)
∞

0

{ ∏
𝑥𝑘

𝑠𝑗

𝑠𝑗

𝑛

𝑗=1;𝑗≠𝑘

𝑛

𝑘=1

}𝑑𝑥𝑘. 

∑
𝑠𝑘

𝑠1 … … 𝑠𝑛. .

1

ℎ𝑘
(

1

𝑝𝑘
)|𝑠| ∫ 𝑥𝑘

|𝑠|
ℎ𝑘

−1
𝑔(𝑥𝑘)

∞

0

∞

𝑘=1

𝑑𝑥𝑘. 

= RHS of (1.6) 

http://www.ijarets.org/
mailto:editor@ijarets.org


International Journal of Advanced Research in Engineering Technology and Science                        ISSN 2349-2819 

www.ijarets.org                                               Volume-3, Issue-7 July- 2016                                  Email- editor@ijarets.org 

Copyright@ijarets.org                                                                                                                                                             Page  64 

The second assertion of (1.7) of the lemma can be proved similarly. 

2. Main Result  

Connection Theorem1:Let 𝑠 ∈ 𝑅+
𝑛, and the modified Laplace transform of the operator 

𝑆+;𝑛
𝛼,𝛽,𝜂

and 𝑆−;𝑛
𝛼,𝛽,𝜂

 exist, then 

𝐿0{𝑆+;𝑛
𝛼,𝛽,𝜂

𝑓}(𝑠) = ∫ 𝐸1(𝑛, 𝛼, 𝛽, 𝜂, 𝑠, 𝑥)
𝑅+

𝑛 𝑓(𝑥)𝑑𝑥         …(2.1) 

And  

𝐿0{𝑆−;𝑛
𝛼,𝛽,𝜂

𝑓}(𝑠) = ∫ 𝐸2(𝑛, 𝛼, 𝛽, 𝜂, 𝑠, 𝑥)
𝑅+

𝑛 𝑓(𝑥)𝑑𝑥   …𝑅𝑒(𝑠) > 0       …..(2.2 ) 

Where. 

𝐸1(𝑛, 𝛼, 𝛽, 𝜂, 𝑠, 𝑥) = 𝑆−;𝑛
𝛼,𝛽,𝜂

{𝑒−max (𝑠1𝑥1………𝑠𝑛𝑥𝑛)} 

 = 𝐺2.2
3,0[max (𝑠1𝑥1 … … … 𝑠𝑛𝑥𝑛)|

(1 − 𝛽 − 𝑛, 1), (1 + 𝛼 + 𝜂 − 𝑛, 1)

(1 − 𝑛, 1)(1 − 𝛽 + 𝜂 − 𝑛, 1), (0,1)
  …(2.3) 

And  

𝐸2(𝑛, 𝛼, 𝛽, 𝜂, 𝑠, 𝑥) = 𝑆+;𝑛
𝛼,𝛽,𝜂

{𝑒−min (𝑠1𝑥1………𝑠𝑛𝑥𝑛)} 

 = 𝐺2.3
1,2[min (𝑠1𝑥1 … … … 𝑠𝑛𝑥𝑛)|

(1 − 𝛽 − 𝑛, 1), (1 + 𝛼 + 𝜂 − 𝑛, 1)

(0,1), (1 − 𝑛, 1)(1 − 𝛼 − 𝛽 + 𝜂 − 𝑛),
 

=
Ӷ( 𝑛+𝛽)Ӷ(𝑛+𝜂)

Ӷ 𝑛Ӷ (𝑛+𝛼+𝛽+𝜂)
2𝐹1 ⌈

𝑛 + 𝛽, 𝑛 + 𝜂
𝑛, 𝑛 + 𝛼 + 𝛽 + 𝜂

; −𝑚𝑖𝑛(𝑠1𝑥1 … … … 𝑠𝑛𝑥𝑛)⌉      ….(2.4) 

Proof: By definition (1.1) we have 
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mailto:editor@ijarets.org


International Journal of Advanced Research in Engineering Technology and Science                        ISSN 2349-2819 

www.ijarets.org                                               Volume-3, Issue-7 July- 2016                                  Email- editor@ijarets.org 

Copyright@ijarets.org                                                                                                                                                             Page  65 

𝐿0{𝑆+;𝑛
𝛼,𝛽,𝜂

𝑓}(𝑠) = ∫ 𝑆−;𝑛
𝛼,𝛽,𝜂

{𝑒− max(𝑠1𝑥1………𝑠𝑛𝑥𝑛){ 𝑆+;𝑛
𝛼,𝛽,𝜂

𝑓}𝑑𝑥

𝑅+
𝑛

 

= ∫ 𝑓(𝑥){𝑆−;𝑛
𝛼,𝛽,𝜂

𝑒− max(𝑠1𝑥1………𝑠𝑛𝑥𝑛)}𝑑𝑥

𝑅+
𝑛

 

= ∫ 𝑓(𝑥)𝐸1(𝑛, 𝛼, 𝛽, 𝜂, 𝑠, 𝑥)𝑑𝑥
𝑅+

𝑛                                                     …(2.5) 

On using lemma 2 in (2.5) we obtain the result (2.1), the second assertion (2.2) of theorem 1 can be proved 

similarly. 

Theorem2: Let the modified fractional integrals of the modified Laplace transform of a function, exist then 

 𝑆+;𝑛
𝛼,𝛽,𝜂{𝐿0[𝑓](𝑠)} = ∫ 𝑓(𝑥)𝐸2(𝑛, 𝛼, 𝛽, 𝜂, 𝑠, 𝑥)

𝑅+
𝑛 𝑓(𝑥)𝑑𝑥                         ….(2.6) 

And  

𝑆+;𝑛
𝛼,𝛽,𝜂{𝐿0[𝑓](𝑠)} = ∫ 𝑓(𝑥)𝐸1(𝑛, 𝛼, 𝛽, 𝜂, 𝑠, 𝑥)

𝑅+
𝑛 𝑓(𝑥)𝑑𝑥    (𝑅𝑒(𝑠) > 0)  …..(2.7) 

And where 𝐸1(𝑛, 𝛼, 𝛽, 𝜂, 𝑥, 𝑠)  and 𝐸2(𝑛, 𝛼, 𝛽, 𝜂, 𝑥, 𝑠) are given by [2.3] and [2.4] with 𝑥  and 𝑠 interchanging in 

it. 

Proof: Proceeding on lines similar to theorem 1, we can easily establish theorem 2. 

3. Special cases. 

If we take 𝛽 = −𝛼 in theorem 1 and 2 we get the following result: 

Corollary1 : 𝐿0{𝑋+
𝛼 𝑓}(𝑠) = ∫ 𝐺1.2

2,0 [max(𝑠1𝑥1 … … … 𝑠𝑛𝑥𝑛) |
(1 + 𝛼 − 𝑛, 1), (1 + 𝛼 − 𝑛, 1)

(1 − 𝑛, 1), (0,1)
] 𝑓(𝑥)𝑑𝑥

𝑅+
𝑛   
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                               (3.1) 

for (𝑅𝑒(𝑠) > 0; (𝑅𝑒(𝛼) > 0, |𝛾| > 𝑛 − 1  and  

𝐿0{{𝑋−
𝛼 𝑓}(𝑠)} =

Ӷ( 𝑛−𝛼)

Ӷ 𝑛)
∫ 1𝐹1[𝑛 − 𝛼; 𝑛; − min(𝑠1𝑥1 … … … 𝑠𝑛𝑥𝑛)]𝑓(𝑥)𝑑𝑥

𝑅+
𝑛      ……(3.2) 

for (𝑅𝑒(𝑠) > 0; (𝑅𝑒(𝛼) > 0, (𝑅𝑒(𝛼) > |𝛾| > 𝑛 − 1    

Corollary2 

𝑋+
𝛼 {𝐿0[𝑓](𝑠)} =

Ӷ( 𝑛−𝛼)

Ӷ 𝑛)
∫ 1𝐹1[𝑛 − 𝛼; 𝑛; − min(𝑠1𝑥1 … … … 𝑠𝑛𝑥𝑛)]𝑓(𝑥)𝑑𝑥

𝑅+
𝑛   …(3.3) 

for (𝑅𝑒(𝑠) > 0; (𝑅𝑒(𝛼) > 0, (𝑅𝑒(𝛼) > |𝛾| > 𝑛 − 1   and 

𝑋−
𝛼 {𝐿0[𝑓]𝑓(𝑠)} = ∫ 𝐺1.2

2,0 [max(𝑠1𝑥1 … … … 𝑠𝑛𝑥𝑛) |
(1 + 𝛼 − 𝑛, 1), (1 + 𝛼 − 𝑛, 1)

(1 − 𝑛, 1), (0,1)
] 𝑓(𝑥)𝑑𝑥

𝑅+
𝑛

 

            ..(3.4) 

For 𝑅𝑒(𝑠) > 0; (𝑅𝑒(𝛼) > 0, (𝑅𝑒(𝛼) > |𝛾| > 𝑛 − 1   where 𝑋+
𝛼  and 𝑋−

𝛼  denote the modified fractional integral 

operator defined by[2] etc. Which are, of course also special cases of the operators (1.3) and(1.4). For 𝛽 = −𝛼 

Conclusion:  Fractional Integral and Laplace transform both are very important branches of mathematics. In 

the paper, we have established the connection theorem between the Modified Laplace Transform and Modified 

Fractional Integral.  
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